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ANALYSIS OF SPARSE RECOVERY FOR LEGENDRE
EXPANSIONS USING ENVELOPE BOUND
HOANG TRAN∗ AND CLAYTON WEBSTER†
Abstract. We provide novel sufficient conditions for the uniform recovery of sparse Legendre
expansions using ℓ1 minimization, where the sampling points are drawn according to orthogonal-
ization (uniform) measure. So far, conditions of the form m & Θ2s × log factors have been relied
on to determine the minimum number of samples m that guarantees successful reconstruction of
s-sparse vectors when the measurement matrix is associated to an orthonormal system. However, in
case of sparse Legendre expansions, the uniform bound Θ of Legendre systems is so high that these
conditions are unable to provide meaningful guarantees. In this paper, we present an analysis which
employs the envelop bound of all Legendre polynomials instead, and prove a new recovery guarantee
for s-sparse Legendre expansions,
m & s2 × log factors,
which is independent of Θ. Arguably, this is the first recovery condition established for orthonormal
systems without assuming the uniform boundedness of the sampling matrix. The key ingredient
of our analysis is an extension of chaining arguments, recently developed in [4, 8], to handle the
envelope bound. Furthermore, our recovery condition is proved via restricted eigenvalue property, a
less demanding replacement of restricted isometry property which is perfectly suited to the considered
scenario. Along the way, we derive simple criteria to detect good sample sets. Our numerical tests
show that sets of uniformly sampled points that meet these criteria will perform better recovery on
average.
1. Introduction. Compressed sensing (CS), originating as a signal processing
technique [6, 10], has become an appealing approach for function approximation.
Theory of CS indicates that if a function possesses a sparse representation in a known
basis, it can be reconstructed from a limited number of suitable sampling points using
nonlinear techniques such as convex optimization or greedy algorithms. In general,
this number scales linearly with the sparsity level and only logarithmically with the
size of representation, being much smaller than those required by traditional methods
such as projection and interpolation. In recent years, there have been many works
in the literature developing and analyzing CS approaches to the approximation of
high-dimensional functions and parameterized PDE systems; we refer to [18, 27, 22,
19, 13, 15, 5, 1, 8, 9] and the reference therein.
Let us consider a function g : U → R defined on the domain U ⊂ Rd, endowed
with a probability measure ̺. We assume g is well represented by the finite expansion
g(y) ≃
∑
j∈J
cjΨj(y), y ∈ U , (1.1)
where {Ψj}j∈J is a pre-determined orthonormal system associated with ̺ and in-
dexed by a finite set J . We define the corresponding polynomial subspace PJ :=
span{Ψj(y) : j ∈ J }. In CS approach, one aims to recover g by reconstructing
unknowns {cj}j∈J from m samples g(y1), . . . , g(ym), which are drawn indepen-
dently from the orthogonalization measure ̺. Denote by N the cardinality of J ,
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i.e., N = #(J ), A the normalized sampling matrix and g the normalized observation
of the target function, i.e.,
A :=
(Ψj(yi)√
m
)
1≤i≤m
j∈J
∈ Rm×N , and g :=
(
g(yi)√
m
)
1≤i≤m
∈ Rm, (1.2)
this task amounts to solving for the coefficient vector c = (cj)j∈J that satisfiesAc = g
(or, to be exact, ‖Ac − g‖ ≤ η where η is the truncation error accounting for the
representation of g by a finite series). Since the samples g(yi) are costly to acquired
in many applications, it is desirable to reconstruct c with as small number of samples
as possible, in particular, smaller than N . Although the system Az = g becomes
underdetermined, this is possible assuming that the expansion (1.1) is sparse, in which
case c can be reconstructed by several efficient algorithms, for instance, solving the
convex optimization problem promoting sparsity
argmin
z∈RN
‖z‖1 subject to Az = g. (1.3)
The sparse recovery for the orthonormal expansions via ℓ1 minimization has shown
to be very promising. It is supported by well-known theoretical estimates [26, 11, 4,
14, 8] that s-sparse expansionsi can be accurately recovered given the number of
sampling points satisfying
m & Θ2s× log factors, (1.4)
where Θ is the uniform bound of the underlying basis: Θ = supj∈J ‖Ψj‖L∞(U). For
many orthonormal systems of interest such as trigonometric polynomials, Chebyshev
polynomials, and Fourier transforms, Θ is a small constant, implying m grows lin-
early with the sparsity level and at most logarithmically with the size of the expansion.
These are indeed the favorable settings for sparse recovery. However, the case of Leg-
endre expansions has proven to be problematic. There, the uniform bound Θ is large
and m determined as in (1.4) may be prohibitive. It is widely agreed that reconstruct-
ing directly from Legendre system and its orthogonalization (uniform) measure is not
a good strategy; and several advanced techniques has been developed over the years
to deal with this challenge, most notably, preconditioning approach and weighted ℓ1
minimization. The former method multiplies a suitable weight function to Legendre
polynomials to form a preconditioned orthonormal system with significantly reduced
Θ, [23, 13, 15], while the latter takes advantage of small uniform bounds of low-order
Legendre polynomials to enhance the recovery of sparse vectors with some structures,
[24, 1, 8].
That being said, it can be argued that the condition (1.4) is too pessimistic for
sparse Legendre expansions, and uniform bound should not be entirely relied on as
the single tool to determine the number of samples. To illustrate this, let us conduct a
simple test on the reconstruction of sparse Legendre polynomials in one-dimensional
domain, U = [−1, 1], via ℓ1 minimization (1.3). In this example, Ψj ≡ Lj (the
univariate Legendre polynomial of order j), A is the sampling matrix associated with
Lj as in (1.2), where y1, . . . ,ym are drawn according to uniform distribution in U .
As ‖Lj‖L∞(U) =
√
2j + 1 and Θ ≥ ‖LN−1‖L∞(U), condition (1.4) yields
m & Ns× log factors,
iexpansions of the form (1.1) that have only s nonzero coefficients
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a trivial estimate since the required number of samples is now greater than N . In
other words, there is no sound theory for the sparse recovery from underdetermined
Legendre systems with uniform sampling points. Further, it is worth remarking that
m actually depends linearly on the maximal degree of the sparse expansions, which
can only be greater than, if not equal to, N . To test the sharpness of condition (1.4),
we consider three different cases of J :
i. J = {j ∈ N : 1 ≤ j ≤ 200},
ii. J = {j ∈ N : 301 ≤ j ≤ 500},
iii. J = {j ∈ N : 1801 ≤ j ≤ 2000}.
In all these cases, the size of the finite Legendre expansions is fixed at 200; however,
the maximal degree is varied from 200 (case i.), 500 (case ii.), to 2000 (case iii.).
We aim to reconstruct sparse vectors c of coefficients, with sparsity ranging from
5 to 40, given noiseless observations g = Ac. For each sparsity level, we run 100
trials, in each of which the support of c is selected randomly and its coefficients are
drawn from a Gaussian distribution. We fix the number of sample points m = 100
throughout the test, but generate different random set of samples {yi}1≤i≤m for each
trial. The numerical results on averaged ℓ2 errors and successful recovery rates are
presented in Figure 1.1. Two important observations can be made. First, sparse
vectors with sparsity 15 or less are accurately reconstructed, indicating that it is
possible to recover sparse vectors directly from underdetermined Legendre systems.
Second, the required number of samples should not depend on the maximal degree
of Legendre expansions, evidenced by the fact that the errors and successful rates of
sparse ℓ1 recovery are similar for three choices of J (even slightly worse for case i.
where the maximum degree is smaller). This simple test suggests that there exists
a gap between the performance of sparse Legendre recovery in practice and existing
theory, in particular, condition (1.4).
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Fig. 1.1: Sparse recovery for three Legendre expansions of the same size but different
maximal degree.
In this paper, we establish novel estimates on the sufficient number of samples
for the sparse recovery of Legendre expansions using uniform sampling and ℓ1 mini-
mization. In one-dimensional case, we prove that the uniform recovery of all s-sparse
Legendre polynomials is guaranteed with high probability provided that
m & s2 log2(s) log2(N). (1.5)
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We also prove the uniform recovery condition for d-dimensional case, i.e., U = [−1, 1]d,
m
log4d−4(m)
& Cd s
2 log2(s) log2(N), (1.6)
where Cd is a universal constant depending only on the dimension. Note that here N
is the size of the polynomial expansion, which is not necessarily related to its maximal
degree. The aforementioned estimates reveal that
1. The number of samples grows quadratically in sparsity level, but only depends
weakly on the size of expansions via log factors. Therefore, sparse recovery
from underdetermined Legendre systems is provably possible,
2. The number of samples is completely independent on the uniform bound Θ
or maximal degree of Legendre expansions.
As such, they provide a mathematical justification for what we observed in the pre-
liminary test. More importantly, these results bring about the first rigorous theory
for ℓ1 recovery of Legendre approximations with uniform sampling.
Our results are established via certain versions of null space property and inco-
herence condition of the sampling matrix. To guarantee successful reconstruction,
it is sufficient for Legendre matrix to fulfill these conditions. Restricted isometry
property (RIP) has typically been used to obtain the uniform recovery. Herein, how-
ever, we do not assume a fixed, known maximal degree for polynomial subspace PJ .
Without this boundedness, we suspect that it is very challenging, if possible at all,
to prove the eigenvalues of “restricted” matrices are bounded from above as required
by RIP. To overcome this difficulty, we instead establish the uniform recovery via a
variant of restricted eigenvalue property [3, 17, 16], which is a related condition but
less demanding than RIP. In fact, restricted eigenvalue property only assumes some
kind of positive definiteness of the sampling matrix, and many important matrices,
such as correlated Gaussian and sub-Gaussian designs, have been shown to satisfy
the restricted eigenvalue property while violate the RIP [12, 20]. As we shall see, null
space property can be implied directly from restricted eigenvalue property. A major
part of our paper therefore is devoted to deriving precise bounds on the number of
samples such that the restricted eigenvalue property is fulfilled.
For this goal, our analysis employs chaining techniques, which provide proba-
bilistic bounds for stochastic processes via careful constructions of progressively finer
nets upon which union bounds can be applied in an efficient manner. This approach
has been used to establish the RIP estimates of several bounded orthonormal systems
[4, 14, 8]. However, unlike all previous works on the topic, we do not rely on the
uniform bound, but rather apply and combine the envelope (i.e., pointwise) bound
of Legendre systems to the chaining process. As illustrated in Figure 1.2, envelope
bound is more efficient than uniform bound and invariant to the selection of polyno-
mial subspaces. Thus, our new arguments using envelope bound lead to the improved
estimates (1.5)-(1.6), which do not depend on the polynomial subspace. Indepen-
dently of the main results, we believe that this approach should be of interest on its
own, and can be extended to other random matrices which can be bounded precisely
pointwise, but whose uniform bound is bad. As a by-product, we derive some simple
criteria to predict good (preferable) sample sets. We conduct numerical tests showing
that sets of uniformly sampled points that meet these criteria will perform better
recovery on average.
Our paper is organized as follows. In Section 2, we review the restricted eigenvalue
property and its relation to null space property and exact recovery guarantees. In
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Section 3, we prove a new bound for restricted eigenvalue property of subsampled
one-dimensional Legendre matrices. The restricted eigenvalue property estimate for
multi-dimensional Legendre matrices will be discussed in Section 4. Section 5 provides
numerical illustrations on our criteria to select sample sets. Concluding remarks are
given in Section 6. For the rest of this paper, C represents a universal constant, whose
value may change from place to place but is independent of any parameter.
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Fig. 1.2: Uniform bound (left) and envelope bound (right) for one-dimensional
Legendre system.
2. Uniform recovery guarantee via restricted eigenvalue property. In
this section, we present an overview of restricted eigenvalue property and the implica-
tion of null space property and uniform recovery from restricted eigenvalue property.
The discussion in this section does not assumeA being a subsampled Legendre system,
but is also applicable for generic sampling matrix. First, the definition of restricted
eigenvalue property is provided below.
Let z ∈ RN and be indexed in J . For S ⊂ J , we denote Sc the complement of
S in J and zS the restriction of z to S. For α > 1 and 0 < s ≤ N , define
C(S;α) :=
{
z ∈ RN : ‖zSc‖1 ≤ α
√
s‖zS‖2
}
,
and C(s;α) :=
⋃
S⊂J , #(S)=s
C(S;α). (2.1)
Let B1 and ∂B1 be the unit ℓ1-ball and sphere in R
N correspondingly
B1 = {z ∈ RN : ‖z‖1 ≤ 1}, and ∂B1 = {z ∈ RN : ‖z‖1 = 1}.
Similarly, denote by B2 and ∂B2 the unit ℓ2-ball and sphere in R
N .
Definition 2.1 (Restricted eigenvalue property). Given A ∈ Rm×N , α > 1
and 0 < δ < 1, we say A satisfies the restricted eigenvalue property of order s with
parameters (α, δ) if
‖Az‖22 ≥ (1− δ)‖z‖22, for all z ∈ C(s;α),
or equivalently, ‖Az‖22 ≥ 1− δ, for all z ∈ ∂B2 ∩ C(s;α). (2.2)
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We note that the restricted eigenvalue property stated above are slightly different
from those often found in the literature, e.g., [3, 12, 20]. In particular, the inequality
‖zS‖1 ≤
√
s‖zS‖2 yields that the set C(s;α) defined in (2.1) are slightly larger than⋃
S⊂J , #(S)=s
{
z ∈ RN : ‖zSc‖1 ≤ α‖zS‖1
}
as considered in those works.
The theory of restricted eigenvalue property, as a sufficient condition for the suc-
cess of ℓ1 minimization methods, is well-developed in the fields of statistical inference
and machine learning, where the RIP was proven to be severe for many random ma-
trices of interest, for example, random designs with substantial correlation among
rows/columns. In this paper, we develop recovery guarantees for a class of random
matrices associated with Legendre orthonormal systems. As we do not assume the
uniform boundedness, the fact that restricted eigenvalue property does not require an
upper bound of ‖Az‖2 is also extremely useful in our analysis.
Next, we will present the implication of null space property and uniform recovery
from restricted eigenvalue property. We also include discussions on estimates for
restricted eigenvalue property of orthonormal systems in case uniform bound is used.
These derivations are quite simple and based on the corresponding developments for
the RIP. However, as far as we know, they are not very well-spread in the compressed
sensing literature.
Definition 2.2 (Restricted isometry property). Given a matrix A ∈ Rm×N , we
say A satisfies the restricted isometry property of order s if there exists 0 < δ < 1
such that
(1 − δ)‖z‖22 ≤ ‖Az‖22 ≤ (1 + δ)‖z‖22, ∀z ∈ RN satisfying #(supp(z)) ≤ s,
or equivalently, 1− δ ≤ ‖Az‖22 ≤ 1 + δ, ∀z ∈ Es, (2.3)
where Es := {z ∈ RN : #(supp(z)) ≤ s, ‖z‖2 = 1}.
Compared to restricted eigenvalue property, RIP needs ‖Az‖2 to be bounded
from both above and below, but only on the set of exactly sparse vectors in RN . In
particular, it is easy to see that E2s is a strict subset of ∂B2 ∩ C(s;α) required in
(2.2). However, in available RIP estimates, (2.3) is typically established for a larger
set, that is,
√
sB1, the ℓ1-ball that contains Es, [7, 26, 21, 4, 8].
Observe that ∂B2 ∩ C(s;α) is contained in the ℓ1-ball of radius (1 + α)
√
s.
Lemma 2.3. For α > 1, 0 ≤ s ≤ N , there follows ∂B2 ∩C(s;α) ⊂ (1+α)
√
sB1.
Proof. Let z ∈ ∂B2 ∩ C(s;α). Then, ‖zSc‖1 ≤ α
√
s‖zS‖2 for some S ⊂ J ,
#(S) = s. We have ‖z‖1 = ‖zS‖1+‖zSc‖1 ≤
√
s‖zS‖2+α
√
s‖zS‖2 = (1+α)
√
s‖z‖2,
therefore, z ∈ (1 + α)√sB1.
One can easily derive from available RIP proofs that for orthonormal systems with
uniform bound Θ, RIP holds over the extended set (1 + α)
√
sB1 under a modified
number of samples where the sparsity s is replaced by (1 + α)2s. This property
automatically implies the restricted eigenvalue property as a consequence of Lemma
2.3 and therefore, the restricted eigenvalue property holds under the same sample
complexity.
For a specific example, we can obtain the following result by slightly modifying
[8, Theorem 2.2].
Proposition 2.4 (Restricted eigenvalue estimate for bounded orthonormal sys-
tems). Let δ, γ be fixed parameters with 0 < δ < 1, 0 < γ < 1 and {Ψj}j∈J
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be an orthonormal system of finite size N = #(J ) and Θ = supj∈J ‖Ψj‖L∞. Let
sα = (1 + α)
2s. Assume that
m ≥ C Θ
2sα
δ2
log
(Θ2sα
δ2
)
max
{
25
δ4
log
(
40
Θ2sα
δ2
log
(Θ2sα
δ2
))
log(4N),
1
δ
log
( 1
γδ
log
(Θ2sα
δ2
))}
,
and y1,y2, . . . ,ym are drawn independently from the orthogonalization measure ̺ as-
sociated to {Ψj}. Then with probability exceeding 1 − γ, the normalized sampling
matrix A ∈ Rm×N (defined as in (1.2)) satisfies
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α).
Interestingly, restricted eigenvalue property of order s straightforwardly leads to
null space property of order s.ii
Proposition 2.5. Assume that A ∈ Rm×N satisfies the restricted eigenvalue
property of order s with parameters (α, δ). Then, A satisfies the null space property
of order s, that is, for all z ∈ RN and all S ⊂ J with #(S) = s,
‖zS‖2 ≤ ρ√
s
‖zSc‖1 + τ‖Az‖2, where ρ = 1
α
and τ =
1√
1− δ . (2.4)
Proof. For any z ∈ RN , we only need to prove (2.4) for S chosen as the index set
corresponding to s largest components of z. Consider two cases:
If z ∈ C(S;α), by (2.2), we have
‖zS‖2 ≤ ‖z‖2 ≤ 1√
1− δ ‖Az‖2 ≤
ρ√
s
‖zSc‖1 + τ‖Az‖2.
Otherwise, z /∈ C(S;α) yields
‖zS‖2 ≤ 1
α
√
s
‖zSc‖1 ≤ ρ√
s
‖zSc‖1 + τ‖Az‖2.
Recall c and g are the vectors of exact coefficients and observations such that
‖Ac− g‖2 ≤ η. Let c# be an approximation of c determined by
c# = argmin
z∈RN
‖z‖1 subject to ‖Az − g‖2 ≤ η. (2.5)
Denote by σs(c)1 the error of best s-term approximation of c in ℓ1 norm, i.e., σs(c)1 =
inf
Λ⊂J ,#(Λ)≤s
‖c−cΛ‖1. The reconstruction error estimates follow from Proposition 2.5
using standard analysis, e.g., [11, Theorems 4.19 and 4.22].
Proposition 2.6. Let A ∈ Rm×N , α > 1, 0 < δ < 1 and δ0 = 1
1 + α
<
1
2
.
Assume that A satisfy (2.4) for all z ∈ RN and all S ⊂ J with #(S) = s. For
c ∈ RN and g ∈ Rm satisfying ‖Ac− g‖2 ≤ η, let c# be the solution of (2.5). Then
‖c− c#‖1 ≤ 2
1− 2δ0σs(c)1 +
4√
1− δ ·
1− δ0
1− 2δ0 η
√
s. (2.6)
iiTherefore, restricted eigenvalue property of order s is comparable to RIP of order 2s
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In combining Propositions 2.4–2.6, for bounded orthonormal systems, the robust
and stable recovery (2.6) is guaranteed with high probability given the number of
samples
m & δ−20 CδΘ
2s × log factors, (2.7)
where Cδ represents the dependence of m on δ. As we derive Proposition 2.4 from
RIP estimates in [4, 8], Cδ = δ
−6. However, better dependence on δ is possible, for
example, Cδ = δ
−2 if applying the RIP estimates in [21, 14]. Also, the log factor
terms can take several different forms. Generally, large δ and δ0 are desirable for
smaller number of samples, but this also lead to worse constants in reconstruction
error estimates.
At first glance, the above number of samples established via restricted eigen-
value property seems to be more demanding than that obtained from the RIP (m &
CδΘ
2s × log factors) in the sense that besides δ, m additionally depends on δ0. How-
ever, we can see that the dependence of error estimate constants on δ is different for
these two approaches. In RIP-based error estimates, δ needs to be strictly bounded
away from 1 and the error grows quite fast with moderately large δ, for example, with
δ < 4/
√
41, one has
‖c− c#‖1 ≤ 2(
√
1− δ2 + 3δ/4)√
1− δ2 − 5δ/4
σs(c)1 +
4
√
1 + δ√
1− δ2 − 5δ/4
· η√s,
see [11, Theorem 6.12]; hence, an optimal dependence of m on δ is critical. For the
restricted eigenvalue property, as shown in (2.6), δ appears only in the noise term,
mildly affects the errors via the multiplication factor 1/
√
1− δ and can be chosen
close to 1 without increasing this term much. As such, Cδ becomes less important. A
more profound penalty arises from δ0, which more or less plays the role of δ in RIP
approach. However, from (2.7), we have seen that the number of measurements m
grows at rate δ−20 as δ0 decreases. This agrees with the best known dependence of m
on δ using RIP.
As uniform recovery follows directly from restricted eigenvalue property (Propo-
sitions 2.5–2.6), the rest of this paper is devoted to derive precise bounds on the
number of samples such that the restricted eigenvalue property holds for random Leg-
endre systems. The advantage of restricted eigenvalue property in refraining us from
the upper bound of ‖Az‖2 is not clear in the above discussion, where the uniform
bound of orthonormal systems is available. In the next part, we do not assume this
information and exploit this advantage to its full strength.
3. Restricted eigenvalue property for univariate Legendre systems. We
present an estimate for restricted eigenvalue property for one-dimensional Legendre
basis. In this section, U := [−1, 1], ̺ is the uniform probability measure on U , J is a
subset of N, and {Ψj}j∈J ≡ {Lj}j∈J , the system of univariate Legendre polynomials
orthonormal with respect to ̺. We denote
ψ(y, z) :=
∑
j∈J
zjLj(y), y ∈ U , z ∈ RN .
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The envelope bound of Legendre polynomials is central to our analysis. It is well
known that
|Lj(y)| ≤ 2/
√
π
4
√
1− y2 , ∀y ∈ (−1, 1), j ∈ N, (3.1)
see [2, 1]. This estimate is sharp in the sense that the constant 2/
√
π cannot be
improved (see also an illustration in Figure 1.2). Let us define Ω(y) :=
2/
√
π
4
√
1− y2 .
We introduce our notion of “good sample sets”, which we refer to as preferable
sets throughout.
Definition 3.1. For m > 0, 0 < γ0 < 1, let Q = {y1, . . . ,ym} be a set of
samples where y1, . . . ,ym are drawn independently from the uniform distribution on
[−1, 1]. Define m i.i.d random variables
Zi = Ω(yi) exp
(
− 1
2Ω2(yi)
√
m
γ0
)
, ∀i ∈ {1, . . . ,m}. (3.2)
We name T (Q) =
∑m
i=1 Zi the test value of Q, and call Q a preferable sample
set according to γ0 if
T (Q) ≤ 32
√
2
π
√
π
m1/4γ0
3/4 +
4
√
2
π
m1/4γ0
−1/4. (3.3)
Loosely speaking, preferable set conceptualizes our preference to sample sets with
which
∑m
i=1 Zi is small. Observe that Zi is bigger when yi approaches the endpoints
(±1), these sets slightly push sample points towards the center of the domain. Prefer-
able sets according to large γ0 (and small test value) should be less common. This
intuition will be verified in Lemma 3.7, where we prove that Q is a preferable sample
set according to γ0 with probability exceeding 1− γ0.
The concept of preferable sets play a pivotal role in our analysis and is also
useful in practice. We will show in both theory and computation that if we limit the
sparse reconstruction to random Legendre matrices associated with preferable sample
sets, better accuracy can be achieved. Enforcing this restriction is simple, as the
computation cost of checking whether a sample set is preferable is negligible. Indeed,
we can always generate multiple sets of m random samples, and pick a preferable
one to commence the reconstruction process. We could follow Definition 3.1 strictly
and choose a set that fulfills criterion (3.3), but empirical approach is also equally
effective: first ranking all the sample sets according to their test values, and then
selecting the preferable set among those in lower percentile of test value distribution,
say, among (100(1− γ0))% of sample sets with smallest
∑m
i=1 Zi.
3.1. Main results. Our first main theorem is stated as follows.
Theorem 3.2. Let δ, γ and γ0 be fixed parameters with 0 < δ < 1, 0 < γ+γ0 < 1
and {Lj}j∈J be a univariate Legendre orthonormal system of finite size N = #(J ).
Denote sα,δ =
(1+α)2s
δ3/2
and assume that
m ≥ C(1 + α)4s2max
{
δ−12 γ−10 log
2(sα,δ) log
2(2N),
δ−
15
2 log
3
2 (sα,δ) log(2N), δ
−4 log(sα,δ) log
(
log(sα,δ)
γδ
)}
.
(3.4)
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Let y1,y2, . . . ,ym be drawn independently from the uniform distribution on [−1, 1].
Then with probability exceeding 1 − (γ + γ0), the normalized sampling matrix A ∈
R
m×N (defined as in (1.2)) satisfies
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α). (3.5)
The above result shows that for Legendre matrices to satisfy restricted eigenvalue
property, the number of samples needs to scale quadratically with the sparsity and
only logarithmically with the size of the coefficient vectors, therefore, verifying success-
ful uniform recovery from underdetermined Legendre systems and uniform sampling.
The dependence of sample complexity on δ is severe (δ−12); however, as discussed in
Section 2, δ is allowed to approach 1 with our use of restricted eigenvalue property,
and the growth of error bound when δ tends to 1 is mild. Recall δ0 = 1/(1 + α), the
dependence of the number of samples on δ0 is δ
−4
0 .
A large part of our analysis will be conducted under the condition that the sample
sets are preferable, giving rise to an additional parameter γ0. In particular, the
restricted eigenvalue property is guaranteed under a reduced probability 1− (γ+ γ0).
It is possible to restore the rate 1 − γ (which is normally seen in the literature), if
we limit the sparse reconstruction to random matrices associated with preferable sets
(which is simple to do).
Proposition 3.3. Let δ, γ and γ0 be fixed parameters in (0, 1) and {Lj}j∈J be
a univariate Legendre orthonormal system of finite size N = #(J ). Denote sα,δ =
(1 + α)2s
δ3/2
and assume that
m ≥ C(1 + α)4s2max
{
δ−12γ−10 log
2(sα,δ) log
2(2N),
δ−
15
2 log
3
2 (sα,δ) log(2N), δ
−4 log(sα,δ) log
(
log(sα,δ)
(1 − γ0)γδ
)}
,
(3.6)
Let Q = {y1,y2, . . . ,ym} be a set of samples drawn independently from the uniform
distribution on [−1, 1]. If Q is a preferable set according to γ0, then with probability
exceeding 1 − γ, the normalized sampling matrix A ∈ Rm×N (defined as in (1.2))
satisfies
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α). (3.7)
In Proposition 3.3, γ0 can be considered a tuning parameter. Overall, the sample
complexity is inversely proportional to γ0; therefore, preferable sets according to high
γ0 allow reconstructions with lower number of samples and should be truly preferable.
This fact is illustrated with numerical tests in Section 5. These sets are however
increasingly uncommon as γ0 tends to 1. Also, γ0 very close to 1 may affect the third
term of (3.6) unfavorably.
We will prove Theorem 3.2 and Proposition 3.3 in Sections 3.3 and 3.4 corre-
spondingly. First, some preparatory lemmas are needed.
3.2. Supporting lemmas. We prove the following estimates involving the en-
velope bound Ω.
Lemma 3.4. For any µ > 0, there holds ̺ (y ∈ U : |Ω(y)| ≥ µ) ≤ 16
π2µ4
.
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Proof. We have |Ω(y)| ≥ µ if and only if y2 ≥ 1− 16
π2µ4
. There follows
̺ (y ∈ U : |Ω(y)| ≥ µ) ≤ 1−
√
1− 16
π2µ4
≤ 16
π2µ4
,
as desired.
Lemma 3.5. For any 0 < µ ≤ 1 and I ⊂ U measurable with ̺(I) ≤ µ, there holds∫
I
|Ω(y)|2d̺ ≤ 2√µ.
Proof. We have∫
I
|Ω(y)|2d̺ ≤
∫ 1
1−µ
|Ω(y)|2dy = 4
π
(π
2
− arcsin(1− µ)
)
.
Denoting κ = (π/2− arcsin(1− µ)), then
1− µ = sin(π/2− κ) = cos(κ) ≤ 1− 4κ2/π2,
which implies κ ≤ π
2
√
µ.
Lemma 3.6. For all β > 0 and 0 ≤ τ < 1, there holds∫ 1
−1
exp
(
−β
√
1− y2
)
(1 − y2)τ d̺ ≤ 2Γ(2− 2τ)β
2τ−2. (3.8)
Here, Γ denotes the gamma function.
Proof. Let us define g(y) :=
exp
(
−β
√
1− y2
)
(1− y2)τ . We have
1∫
−1
g(y)d̺ =
∞∫
0
̺ (y ∈ U : g(y) ≥ t) dt =
exp(−β)∫
0
dt+
∞∫
exp(−β)
̺ (y ∈ U : g(y) ≥ t) dt,
since g(y) ≥ exp(−β), ∀y ∈ U . By substituting t = exp
(
−β√u
)
/uτ , it gives∫ 1
−1
g(y)d̺ = exp(−β) +
∫ 0
1
̺
(
y ∈ U : g(y) ≥ exp(−β
√
u)
uτ
)(exp(−β√u)
uτ
)′
du
= exp(−β) +
∫ 0
1
̺
(
y ∈ U : |y| ≥ √1− u
)(exp(−β√u)
uτ
)′
du. (3.9)
With notice that ̺
(
y ∈ U : |y| ≥ √1− u
)
= 1−√1− u ≤ u, there follows∫ 1
−1
g(y)d̺ ≤ exp(−β) +
∫ 0
1
u
(exp(−β√u)
uτ
)′
du =
∫ 1
0
exp(−β√u)
uτ
du,
where the second equality comes from integration by parts. Substituting v = β
√
u
yields∫ 1
−1
g(y)d̺ ≤
∫ β
0
β2τe−v
v2τ
.
2v
β2
dv = 2β2τ−2
∫ β
0
v−2τ+1e−vdv ≤ 2Γ(2− 2τ)β2τ−2.
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In the next lemma, we verify the probability of a set of samples from uniform
distribution on [−1, 1] to be preferable.
Lemma 3.7. Let m > 0, 0 < γ0 < 1, and Q = {y1, . . . ,ym} be a set of samples
where y1, . . . ,ym are drawn independently from the uniform distribution on [−1, 1].
Then, Q is a preferable sample set according to γ0 with probability exceeding 1− γ0.
Proof. Let Zi be defined as in (4.2). By Lemma 3.6,
EZi ≤ 2
11/2
π
√
π
(γ0
m
)3/4
, Var(Zi) ≤ E|Zi|2 ≤ 2
5
π2
(γ0
m
)1/2
. (3.10)
Referring EZi and Var(Zi) as EZ and Var(Z), we apply Chebyshev inequality to
obtain
P
(
|
m∑
i=1
Zi −mEZ| ≥ λ
)
≤ m
λ2
Var(Z).
Setting λ =
√
m
γ0
(E|Z|2)1/2, then with probability exceeding 1− γ0,
m∑
i=1
Zi ≤ mEZ +
√
m
γ0
(E|Z|2)1/2. (3.11)
Substituting (3.10) to (3.11) yields the conclusion.
We also need some tail estimates, the proofs of which can be found in [8].
Lemma 3.8. Let X1, . . . , XM be M independent identically distributed real-valued
random variables satisfying |Xk| ≤ a and E[Xk] = X for all k. We denote X =
1
M
∑M
k=1Xk. For every µ > 0,
P
(∣∣X −X∣∣ ≥ µ) ≤ 2 exp(−Mµ2
2a2
)
. (3.12)
Lemma 3.9. Let X1, . . . , XM be M independent identically distributed Bernoulli
random variables with E[Xk] = X for all k. Denote X =
1
M
∑M
k=1Xk. Then, for
every 0 < µ1 < 1, µ2 > 0 and M ≥ 16eµ1µ2 , there holds
P
(
|X −X | ≥ µ1X + µ2
)
≤ exp
(
−Mµ1µ2
16e
)
. (3.13)
Let Es,α := ∂B2 ∩ C(s;α), we conclude this subsection by proving the following
important result involving covering number for Es,α. This step resembles but consid-
erably extends the previous covering number estimates for ℓ1 balls, e.g., [26, 21, 4, 8],
in the sense that a much more complicated pseudo-metric is considered herein.
Lemma 3.10. For 0 < ς < 1, 0 < γ0 < 1, µ > 0, and m > 0, there exists a set
D ⊂ RN such that the following hold:
(i) If Q = {y1, . . . ,ym} is a set of m i.i.d. samples drawn from (U , ̺), preferable
according to γ0, then for all z ∈ Es,α, there exists z′ ∈ D depending on z and
Q satisfying
|ψ(y, z − z′)| ≤ µ for all y in a subset U⋆ of U with ̺(U⋆) > 1− ς,
(3.14)
|ψ(yi, z − z′)| ≤ µ for all yi ∈ Q. (3.15)
12
(ii) The cardinality of D satisfies
log(#(D)) ≤ C(1 + α)2 s
µ2
log(2N)max
{
1√
ς
,
√
m
γ0
}
. (3.16)
Proof. We will find D using the empirical method of Maurey. First, we ob-
serve that Es,α ⊂ (1 + α)√sB1 (see Lemma 2.3), hence if we denote P = {±ej(1 +
α)
√
s}1≤j≤N , where (ej) are canonical unit vectors in RN , we have Es,α ⊂ conv(P).
Fix a z ∈ Es,α, z can be represented as z =
∑2N
r=1 λrvr, for some λr ≥ 0 such that∑2N
r=1 λr = 1 and vr listing 2N elements of P . There exists a probability measure λ on
P that takes the values vr ∈ P with probability λr. Let z1, . . . , zM be i.i.d random
variables with law λ. Note that Ezk = z, for all k = 1, . . . ,M . For each y ∈ U ,
ψ(y, zk) is also a real-valued random variable on probability space (ψ(y,P), λ) with
|ψ(y, zk)| ≤ Ω(y)(1 + α)
√
s, and Eψ(y, zk) = ψ(y, z).
Denote z = 1M
∑M
k=1 zk. Let D be the set of all possible outcomes of z and λ be the
probability measure on D according to z. Note that #(D) ≤ (2N)M , we derive a
sufficient condition on M so that D satisfies the assertion (i).
First, let us define a characteristic function χ on (U ×D, ̺⊗ λ), given by
χ(y, z) =
{
1, if |ψ(y, z − z)| ≥ µ,
0, if |ψ(y, z − z)| < µ.
Applying Lemma 3.8 yields for all y ∈ U ,∫
D
χ(y, z)dλ = Pz
(
|ψ(y, z − z)| ≥ µ
)
≤ 2 exp
(
− Mµ
2
2(1 + α)2Ω2(y)s
)
.
From Lemma 3.6, we have∫
D
(∫
U
χ(y, z)d̺
)
dλ =
∫
U
(∫
D
χ(y, z)dλ
)
d̺ ≤ C(1 + α)
4s2
M2µ4
. (3.17)
which yields that with probability exceeding 2/3, z ∈ D satisfying
Py
(
|ψ(y, z − z)| ≥ µ
)
=
∫
U
χ(y, z)d̺ ≤ 3C(1 + α)
4s2
M2µ4
≤ ς, (3.18)
provided that M ≥ C(1 + α)2 s
µ2
√
ς
.
To deal with the set Q = {y1, . . . ,ym}, we develop a different argument based on
extending the approach in [11, Lemma 12.37]. First, by symmetrization,
Ez
(
max
yi∈Q
|ψ(yi, z − z)|
)
≤ 2
M
EzEǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ,
where ǫ is a Rademacher sequence independent of (z1, . . . , zM ). Since |ψ(yi, zk)| ≤
Ω(yi)(1 + α)
√
s for all yi ∈ Q, k ∈ [M ], we have ‖(ψ(yi, zk))Mk=1‖2 ≤ Ω(yi)(1 +
α)
√
Ms. Standard calculations yield
Pǫ
(∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≥ t
)
≤ 2 exp
(
− t
2
2(1 + α)2Ω2(yi)Ms
)
, ∀t > 0.
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By the union bound,
Pǫ
(
max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≥ t
)
≤
m∑
i=1
2 exp
(
− t
2
2(1 + α)2Ω2(yi)Ms
)
, ∀t > 0.
We have for every κ > 0
Eǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ =
∫ ∞
0
Pǫ
(
max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≥ t
)
dt
≤
∫ κ
0
1 dt+ 2
m∑
i=1
∫ ∞
κ
exp
(
− t
2
2(1 + α)2Ω2(yi)Ms
)
dt
≤κ +
√
2πMs(1 + α)
m∑
i=1
Ω(yi) exp
(
− κ
2
2(1 + α)2Ω2(yi)Ms
)
. (3.19)
Choosing κ = (1 + α)
√
Ms 4
√
m/γ0 leads to
Eǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≤ (1 + α)√Ms 4
√
m
γ0
+
√
2πMs(1 + α)
m∑
i=1
Ω(yi) exp
(
− 1
2Ω2(yi)
√
m
γ0
)
.
(3.20)
Since Q is a preferable sample set, we obtain from (3.3)
Eǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≤ C(1 + α)√Ms(m 14 γ0− 14 +m 14 γ 340 ) ≤ C(1 + α)√Ms 4
√
m
γ0
.
There follows Ez
(
maxyi∈Q |ψ(yi, z− z)|
)
≤ C(1 +α)
√
s
M
4
√
m
γ0
, yielding with prob-
ability exceeding 2/3, z ∈ D satisfies
max
yi∈Q
|ψ(yi, z − z)| ≤ 3C(1 + α)
√
s
M
4
√
m
γ0
≤ µ, (3.21)
provided that M ≥ C(1 + α)
2s
√
m
µ2
√
γ0
. Thus, for M ≥ C(1 + α)
2s
µ2
max
{
1√
ς
,
√
m√
γ0
}
,
there exists z ∈ D that fulfills both (3.18) and (3.21). As log(#(D)) ≤ M log(2N),
the proof is concluded.
3.3. Proof of Theorem 3.2. It is enough to prove (3.45) for all z ∈ Es,α (i.e.,
∂B2 ∩C(s;α)). We conduct the analysis under assumption δ < 1/13 for convenience;
this parameter will be rescaled at the end. For m ∈ N, let Q = {y1, . . . ,ym} be a
set of samples where y1, . . . ,ym are drawn independently from the probability space
(U , ̺). From Lemma 3.7, Q is preferable according to γ0 with probability exceeding
1− γ0. We define the set of integers
L = Z ∩
( log(δ)
log(1 + δ)
+ 1,
log(Ξ)
log(1 + δ)
+ 1
)
, where Ξ =
4(1 + α)2s√
3πδ
, (3.22)
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and denote by l, l the minimum and maximum of L respectively. l and l then satisfy
(1 + δ)l−2 ≤ δ and (1 + δ)l−1 ≤ Ξ ≤ (1 + δ)l. (3.23)
Step 1: under the condition that Q is a preferable sample set according to γ0
(pref. a.t. γ0), for 0 < ς < 1 (whose exact value will be set later), we seek to construct
ψ˜ approximating ψ such that
1. For all z ∈ Es,α, the following holds with probability exceeding 1− ς in (U , ̺)
and for all y ∈ Q
(1− 3δ/2) ψ˜(y, z) < |ψ(y, z)| < (1 + 3δ/2) ψ˜(y, z), if ψ˜(y, z) > 0,
|ψ(y, z)| < 6δ/5 or |ψ(y, z)| > Ξ, if ψ˜(y, z) = 0.
(3.24)
2. For all z ∈ Es,α, there exists a pairwise disjoint family of subsets (Il)l∈L =
(I
(z,Q)
l )l∈L of U depending on z and Q such that
ψ˜(·, z) =
∑
l∈L
(1 + δ)lχIl . (3.25)
3. For every l ∈ L, (I(z,Q)l ) z∈Es,α
Q pref. a.t. γ0
belongs to a finite class Fl of subsets of
U satisfying
log(#Fl) ≤ C (1 + α)
2s
δ3(1 + δ)2l−2
log(2N)max
{√
log(Ξ/δ)
ς log(1 + δ)
,
√
m
γ0
}
. (3.26)
First, for l ∈ L, let Dl be a finite subset of RN determined as in Lemma 3.10
with given m, γ0, as well as µ = δ(1 + δ)
l−1/2 and 0 < ς ′ < 1 (to be set accordingly
to meet our needs). We have
log(#Dl) ≤ C (1 + α)
2s
δ2(1 + δ)2l−2
log(2N)max
{
1√
ς ′
,
√
m
γ0
}
. (3.27)
For a fixed z ∈ Es,α, there exist zl ∈ Dl and a measurable set Ul ⊂ U with ̺(Ul) ≥ 1−ς′
such that
|ψ(y, z − zl)| ≤ δ(1 + δ)l−1/2, ∀y ∈ Ul,
|ψ(yi, z − zl)| ≤ δ(1 + δ)l−1/2, ∀yi ∈ Q.
Without loss of generality, we can assume Q ⊂ Ul. We construct a pairwise disjoint
family of subsets (Il)l∈L and mapping ψ˜(·, z) : U → R which depend on z and Q,
inductively for the integers l > · · · > l according to
I ′l = {y ∈ U : (1 + δ)l−1 < |ψ(y, zl)| < (1 + δ)l+1},
Il = I
′
l \
⋃
r>l
I ′r,
ψ˜(·, z) =
∑
l∈L
(1 + δ)lχIl .
(3.28)
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We proceed to prove that ψ˜ satisfies (3.24)–(3.26), following closely the argument
in [8, Theorem 2.2]. First, consider y ∈ ⋂l∈L Ul. If y ∈ Il for some l ∈ L, then
ψ˜(y, z) = (1 + δ)l > 0 and (1 + δ)l−1 < |ψ(y, zl)| < (1 + δ)l+1.
Since ||ψ(y, z)| − |ψ(y, zl)|| ≤ |ψ(y, z)− ψ(y, zl)| ≤ δ(1 + δ)l−1/2, we have
|ψ(y, z)| < (1 + δ)l+1 + δ
2
(1 + δ)l−1 <
(
1 +
3
2
δ
)
ψ˜(y, z),
and |ψ(y, z)| > (1 + δ)l−1 − δ
2
(1 + δ)l−1 >
(
1− 3δ
2
)
ψ˜(y, z).
If y /∈ ⋃l∈L Il, then ψ˜(y, z) = 0 and for every l ∈ L,
|ψ(y, zl)| /∈ ((1 + δ)l−1, (1 + δ)l+1).
With notice that ||ψ(y, z)| − |ψ(y, zl)|| < δ(1 + δ)l−1/2, there follows
|ψ(y, z)| /∈
⋃
l∈L
(
(1 +
δ
2
)(1 + δ)l−1, (1 +
3δ
2
+ δ2)(1 + δ)l−1
)
.
Observe that (1+ 3δ2 + δ
2)(1+ δ)l−1 > (1+ δ2 )(1+ δ)
l, the previous intervals intersect
for any two consecutive values of l. We infer
|ψ(y, z)| ≤ (1 + δ
2
)(1 + δ)l−1, or |ψ(y, z)| ≥ (1 + 3δ
2
+ δ2)(1 + δ)l−1.
It implies by (3.23) and assumption δ < 1/13 that |ψ(y, z)| ≤ δ(1+δ/2)(1+δ) < 6δ/5
(if the first inequality occurs) or |ψ(y, z)| > Ξ (if the second inequality occurs). We
complete this case by emphasizing Q ⊂ ⋂l∈L Ul.
Next, consider y /∈ ⋂l∈L Ul, (3.24) is not guaranteed. However, this only holds
with probability not exceeding
̺
(
U \
⋂
l∈L
Ul
)
≤
∑
l∈L
̺(U \ Ul) ≤ ς ′(#L) ≤ log(Ξ/δ)
log(1 + δ)
ς ′ = ς, (3.29)
for the last equality we set ς ′ =
log(1 + δ)
log(Ξ/δ)
ς.
To summarize, we partitioned U into three sets
I :=
(⋂
l∈L Ul
)⋂ (⋃
l∈L Il
)
, Î :=
(⋂
l∈L Ul
) \ (⋃l∈L Il) ,
U ′ := U \ (⋂l∈L Ul) ,
and constructed ψ˜(·, z) depending on z and Q approximating ψ(·, z) satisfying
(1− 3δ/2) ψ˜(y, z) < |ψ(y, z)| < (1 + 3δ/2) ψ˜(y, z), ∀y ∈ I, (3.30)
(0 ≤ |ψ(y, z)| < 6δ/5 ∨ |ψ(y, z)| > Ξ) and ψ˜(y, z) = 0, ∀y ∈ Î , (3.31)
̺(U ′) ≤ ς, Q ⊂ I ∩ Î , i.e., Q ∩ U ′ = ∅. (3.32)
We further divide Î into two subsets I and I according to
I := {y ∈ Î : |ψ(y, z)| < 6δ/5}, I := {y ∈ Î : |ψ(y, z)| > Ξ}, (3.33)
16
as they will need different treatments. Note that for all y ∈ I, |Ω(y)| ≥ |ψ(y, z)|
(1 + α)
√
s
>
Ξ
(1 + α)
√
s
, thus by Lemma 3.4, ̺(I) ≤ 16(1 + α)
4s2
π2Ξ4
=
9δ2
16(1 + α)4s2
.
It remains to verify (3.26). For any l ∈ L, #{I ′(z,Q)l | z ∈ Es,α, Q is preferable} ≤
#Dl and #Fl ≤
∏
r≥l#Dr. From (3.27), it gives
log(#Fl) ≤
∑
r≥l
log(#Dr) ≤ C (1 + α)
2s
δ3(1 + δ)2l−2
log(2N)max
{√
log(Ξ/δ)
ς log(1 + δ)
,
√
m
γ0
}
.
Step 2: We derive estimates of ‖Az‖2 and ‖z‖2 in terms of ψ˜(·, z). The following
bounds will be useful for this task. First, from (3.30),
(1− 3δ)|ψ˜(y, z)|2 < |ψ(y, z)|2 < (1 + 4δ)|ψ˜(y, z)|2, ∀y ∈ I. (3.34)
(3.34) gives |ψ˜(y, z)|2 < (1 + 4δ)|ψ(y, z)|2, which implies∫
I
|ψ˜(y, z)|2d̺ ≤ (1 + 4δ)
∫
I
|ψ(y, z)|2d̺ ≤ (1 + 4δ)
∫
U
|ψ(y, z)|2d̺ = 1 + 4δ.
(3.35)
A lower bound of ‖Az‖2 in terms of ψ˜(·, z) is straightforward. Since Q ∩ U ′ = ∅
and ψ˜(y, z) = 0, ∀y ∈ Î, we have
‖Az‖22 =
1
m
m∑
i=1
|ψ(yi, z)|2 ≥ (1− 3δ)
m∑
i=1
|ψ˜(yi, z)|2
m
. (3.36)
It is worth mentioning that to obtain a reasonable upper estimate of ‖Az‖2 in similar
manner is not easy, due to the lack of uniform bound for the considered orthonormal
systems. However, unlike RIP, upper estimate of ‖Az‖2 is not needed for restricted
eigenvalue property.
For ‖z‖2, we decompose
‖z‖22 =
∫
I
|ψ(y, z)|2d̺+
∫
I
|ψ(y, z)|2d̺+
∫
I
|ψ(y, z)|2d̺+
∫
U ′
|ψ(y, z)|2d̺, (3.37)
and seek to produce upper bounds for each term in the RHS of (3.37). To begin with,
by (3.34), ∫
I
|ψ(y, z)|2d̺ ≤ (1 + 4δ)
∫
I
|ψ˜(y, z)|2d̺. (3.38)
By (3.33) and Lemma 3.5, note that ̺(I) ≤ 1 and ̺(I) ≤ 9δ
2
16(1 + α)4s2
, it gives
∫
I
|ψ(y, z)|2d̺ ≤ (6δ/5)2̺(I) ≤ δ/6,∫
I
|ψ(y, z)|2d̺ ≤ (1 + α)2s
∫
I
|Ω(y)|2d̺ ≤ 3δ
2
.
(3.39)
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Similarly, setting ς =
δ2
36(1 + α)4s2
, we have∫
U ′
|ψ(y, z)|2d̺ ≤ (1 + α)2s
∫
U ′
|Ω(y)|2d̺ < δ
3
. (3.40)
We combine (3.37)-(3.40) to get
‖z‖22 < 2δ + (1 + 4δ)
∫
I
|ψ˜(y, z)|2d̺,
which in reference to (3.35) and (3.36) implies
‖z‖22 − ‖Az‖22 < 2δ + (1 + 4δ)
∫
I
|ψ˜(y, z)|2d̺− (1− 3δ)
m∑
i=1
|ψ˜(yi, z)|2
m
≤ 2δ + 7δ
∫
I
|ψ˜(y, z)|2d̺+ (1− 3δ)
(∫
U
|ψ˜(y, z)|2d̺−
m∑
i=1
|ψ˜(yi, z)|2
m
)
≤ 34δ
3
+ (1− 3δ)
(∫
U
|ψ˜(y, z)|2d̺−
m∑
i=1
|ψ˜(yi, z)|2
m
)
.
(3.41)
Step 3: we derive a positive upper bound of ‖z‖22 − ‖Az‖22 via (3.41), by em-
ploying the tail estimate in Lemma 3.9 and union bound. From the definition of ψ˜,
it is easy to see that∫
U
|ψ˜(y, z)|2d̺−
m∑
i=1
|ψ˜(yi, z)|2
m
=
∑
l∈L
(1 + δ)2l
(
̺(Il)− #(Q ∩ Il)
m
)
. (3.42)
Let (κl)l∈L be a sequence of positive numbers. For any set ∆ in the class Fl, for Q
being a set of samples y1, . . . ,ym drawn independently from the probability space
(U , ̺) (not necessarily preferable), applying Lemma 3.9 yields with probability of Q
exceeding 1− exp (−mκlδ16e ),
̺(∆) − #(Q ∩∆)
m
≤ δ̺(∆) + κl. (3.43)
By the union bound, with probability exceeding 1 −∑l∈L exp (−mκlδ16e ) (#Fl), the
previous inequality holds uniformly for all sets ∆ ∈ ∪l∈LFl. Therefore, with probabil-
ity exceeding 1− γ0 −
∑
l∈L exp
(−mκlδ16e ) (#Fl), Q is preferable according to γ0 and
(3.43) holds with Q uniformly for ∆ ∈ ∪l∈LFl. In this scenario, we can apply (3.43)
with ∆ = I
(z,Q)
l (l ∈ L) to the sum in (3.42) and combine with (3.41) to infer that
for all z ∈ Es,α,
‖z‖22 − ‖Az‖22 <
34δ
3
+ (1− 3δ)
∑
l∈L
(1 + δ)2l(δ̺(Il) + κl)
=
34δ
3
+ δ(1− 3δ)
∫
U
|ψ˜(y, z)|2d̺+ (1− 3δ)
∑
l∈L
(1 + δ)2lκl.
(3.44)
Note that ψ˜(y, z) = 0, ∀y ∈ Î and ψ˜(y, z) ≤ (1+ δ)l ≤ (1+ δ)Ξ, ∀y ∈ U , we estimate∫
U
|ψ˜(y, z)|2d̺ =
∫
I
|ψ˜(y, z)|2d̺+
∫
U ′
|ψ˜(y, z)|2d̺
≤ (1 + 4δ)
∫
I
|ψ(y, z)|2d̺+ ̺(U ′)(1 + δ)2Ξ2 < 1 + 5δ
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and obtain
‖z‖22 − ‖Az‖22 <
25δ
2
+ (1− 3δ)
∑
l∈L
(1 + δ)2lκl.
Finally, in order to obtain Theorem 3.2, we need to assign appropriate values for
κl and derive conditions on m such that∑
l∈L
(1 + δ)2lκl ≤ δ/2, and
∑
l∈L
exp
(
−mκlδ
16e
+ log(#Fl)
)
≤ γ.
The two inequalities can be fulfilled if the numbers κl and the integer m are chosen
as follows
κl :=
δ/2
(#L)(1 + δ)2l , −
mκlδ
16e
+ log(#Fl) ≤ log
(
γ
#L
)
, l ∈ L.
This implies that
m ≥ 32e (#L) (1 + δ)
2l
δ2
[
log(#Fl) + log
(
#L
γ
)]
, l ∈ L.
We have in view of (3.26) and assumption δ < 1/13 that
32e (#L) (1 + δ)
2l
δ2
log(#Fl)
≤ C log(Ξ/δ)
log(1 + δ)
· (1 + δ)
2l
δ2
· (1 + α)
2s
δ3(1 + δ)2l−2
log(2N)max
{√
log(Ξ/δ)
ς log(1 + δ)
,
√
m
γ0
}
≤ Cδ−6 (1 + α)2s log(Ξ/δ) log(2N)max
(1 + α)2s
√
log(Ξ/δ)
δ3
,
√
m
γ0
 ,
32e (#L) (1 + δ)
2l
δ2
log
(
#L
γ
)
≤ C log(Ξ/δ)
log(1 + δ)
· (1 + δ)
2Ξ2
δ2
· log
(
log(Ξ/δ)
γ log(1 + δ)
)
≤ Cδ−4(1 + α)4s2 log(Ξ/δ) log
(
log(Ξ/δ)
γδ
)
.
Combining the two estimates shows that m in (3.4) guarantees
‖Az‖22 > (1 − 13δ)‖z‖22, ∀z ∈ Es,α,
with probability exceeding 1− (γ + γ0). Rescaling δ concludes the proof. 
3.4. Proof of Proposition 3.3. The proof follows closely that of Theorem 3.2,
with one key modification in Step 3. First, we note that Steps 1 and 2, in particular
(3.41) and (3.42), were established under the condition that Q is preferable according
to γ0, which holds with probability exceeding 1 − γ0. Independently, for Q being
a set of m samples drawn uniformly from [−1, 1] (not necessarily preferable), with
probability exceeding 1− γ, (3.43) holds uniformly for all sets ∆ ∈ ∪l∈LFl, assuming
m satisfying
∑
l∈L
exp
(
−mκlδ
16e
)
(#Fl) ≤ γ. Hence, given Q preferable according to γ0,
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(3.43) holds uniformly for all sets ∆ ∈ ∪l∈LFl with probability exceeding 1− γ
1− γ0
.
With (3.41)–(3.43) in hand, proceeding as in Section 3.3, we can derive that under
the condition (3.4), with probability exceeding 1− γ
1− γ0
,
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α). (3.45)
By a change of variable, the proposition is concluded. 
4. Restricted eigenvalue property for multivariate Legendre systems.
We present an estimate for restricted eigenvalue property for multi-dimensional Legen-
dre matrices. The overall strategy in this section is very similar to those in Section 3.1,
but complete analysis involves intensive multivariate calculations. We will focus on
such calculations and skip repetitive details whenever possible. Let U := [−1, 1]d, ̺ be
the uniform probability measure on U , J be a subset of Nd, and {Ψj}j∈J ≡ {Lj}j∈J ,
the system of multivariate Legendre polynomials orthonormal with respect to ̺. We
again denote
ψ(y, z) :=
∑
j∈J
zjLj(y), y ∈ U , z ∈ RN .
From the envelope bound of univariate Legendre polynomials, we have
|Lj(y)| ≤ 2
d
πd/2
∏d
k=1 (1 − y2k)1/4
, (4.1)
for all y = (y1, . . . , yd) ∈ (−1, 1)d, j ∈ Nd. Therefore, we define
Ω(y) :=
2d
πd/2
∏d
k=1 (1− y2k)1/4
.
Let us introduce the notion of preferable set in multi-dimensional domain.
Definition 4.1. For m > 0, 0 < γ0 < 1, let Q = {y1, . . . ,ym} be a set of
samples where y1, . . . ,ym are drawn independently from the uniform distribution on
[−1, 1]d. Define m i.i.d random variables
Zi = Ω(yi) exp
(
− 1
2Ω2(yi)
√
m
γ0
)
, ∀i ∈ {1, . . . ,m}, (4.2)
and test value function T (Q) =
∑m
i=1 Zi. We call Q a preferable sample set
according to γ0 if T (Q) is below (100(1− γ0))-th percentile of the distribution of T .
It is straightforward from the above definition that Q is preferable according to
γ0 with probability 1− γ0. In Lemma 4.10, we show there exists a universal constant
C such that if Q is preferable according to γ0 then
m∑
i=1
Zi ≤ C
(
m
γ0
)1/4 (
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))d−1
.
4.1. Main result. Our main theorem in this part is stated as follows.
Theorem 4.2. Let δ, γ and γ0 be fixed parameters with 0 < δ < 1, 0 < γ+γ0 < 1
and {Lj}j∈J be a d-dimensional Legendre orthonormal system of finite size N =
20
#(J ). Denote sα = (1 + α)2s and assume that
m ≥ s2αmax
{ Cd,1
δ12γ0
log2
(
C4,ds
3/2
α
δ2
)
log2(2N)
(
log
(
πd
4d
√
m
γ0
))4d−4
,
Cd,2
δ15/2
log3/2
(
C4,ds
3/2
α
δ2
)
log(2N)
(
log
(
Cm
(π
4
)d))d−1
,
Cd,3
δ4
log
(
C4,ds
3/2
α
δ2
)
log
(
log(C4,ds
3/2
α /δ
2)
γδ
)(
log
(
Cπdm
))d−1 }
.
(4.3)
Let y1,y2, . . . ,ym be drawn independently from uniform distribution on [−1, 1]d. Then
with probability exceeding 1 − (γ + γ0), the normalized sampling matrix A ∈ Rm×N
(defined as in (1.2)) satisfies
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α). (4.4)
Here, Cd,1 = C
(
4
π
)4d
, Cd,2 =
C(d+ 1)
(d− 1)!) 12 ·
(
64
√
2
π2
)d
, Cd,3 =
C(d+ 1)
(d− 1)! ·
(
4
π
)2d
,
and Cd,4 =
C(d+ 1)(d− 1)d−1
(d− 1)! ·
24d
π3d/2
.
We observe that for d = 1, condition (4.3) retrieves the estimate (3.4) in the
univariate case (up to a minor change of the order of δ inside log factors). The number
of log factors for multi-dimensional setting however scales linearly in d and is at most
4d; therefore, the sample complexity grows exponentially in dimension. Similarly to
the univariate case, random matrices associated with preferable sets are more likely to
satisfy restricted eigenvalue property. Also, preferable sets according to moderate and
high γ0 reduce the required number of samples for sparse reconstructions, as shown
in the following proposition.
Proposition 4.3. Let δ, γ and γ0 be fixed parameters in (0, 1) and {Lj}j∈J
be a d-dimensional Legendre orthonormal system of finite size N = #(J ). Denote
sα = (1 + α)
2s and assume that
m ≥ s2αmax
{ Cd,1
δ12γ0
log2
(
C4,ds
3/2
α
δ2
)
log2(2N)
(
log
(
πd
4d
√
m
γ0
))4d−4
,
Cd,2
δ15/2
log3/2
(
C4,ds
3/2
α
δ2
)
log(2N)
(
log
(
Cm
(π
4
)d))d−1
,
Cd,3
δ4
log
(
C4,ds
3/2
α
δ2
)
log
(
log(C4,ds
3/2
α /δ
2)
(1− γ0)γδ
)(
log
(
Cπdm
))d−1 }
.
(4.5)
Let Q = {y1,y2, . . . ,ym} be a set of samples drawn independently from the uniform
distribution on [−1, 1]d. If Q is a preferable set according to γ0, then with probability
exceeding 1 − γ, the normalized sampling matrix A ∈ Rm×N (defined as in (1.2))
satisfies
‖Az‖22 > (1 − δ)‖z‖22, ∀z ∈ C(s;α). (4.6)
Here, Cd,1, Cd,2, Cd,3 and Cd,4 are defined as in Theorem 4.2.
We will prove Theorem 4.2 in Sections 4.3. Proposition 4.3 can be derived directly
from the proof of Theorem 4.2 and will be skipped. First, we need some preparatory
lemmas.
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4.2. Supporting lemmas. For d ≥ 2, we define the function
Hd(β) = β
(
log(
1
β
)
)d−1
.
In particular, the case d = 2 gives H2(β) = β log(
1
β ). Note that β 7→ β log( 1β )
is strictly increasing for 0 < β < 1/e, and β 7→ Hd(β) is strictly increasing for
0 < β < 1
ed−1
, the inverse function Kd(M) := H
−1
d (M) is well-defined for 0 < M <
Hd(
1
ed−1
) = (d−1e )
d−1. We prove a basic identity involving Hd and Kd.
Lemma 4.4. Let 0 < β < (d−1e )
d−1, there follows
Hd(K
2
d(β)) = 2
d−1βKd(β).
Proof. By definition of Hd,
Hd(K
2
d(β)) = K
2
d(β)
(
log(
1
K2d(β)
)
)d−1
= 2d−1K2d(β)
(
log(
1
Kd(β)
)
)d−1
= 2d−1Kd(β)Hd(Kd(β)) = 2d−1βKd(β).
While an analytical formula of Kd(M) is not known to us, the following lemma
provides an estimate of Kd(M).
Lemma 4.5. For all d ≥ 2, 0 < M < (d−1e )d−1, there holds
Kd(M) ≥ M
(d− 1)d−1 exp
(
−(d− 1) log 12
(
d− 1
M
1
d−1
))
. (4.7)
Consequently, log(Kd(M)) ≥ − log
((d− 1)d−1
M
)
− (d− 1) 12 log 12
(
(d− 1)d−1
M
)
.
Proof. We first prove (4.7) for d = 2. It is enough to show that
β log(
1
β
) ≤M, for β =M exp
(
−log1/2
(
1
M
))
. (4.8)
Denote β0 =
√
log( 1M ). Since 0 < M < 1/e, then 1 < β0 < ∞. We have β log( 1β ) =
e−β
2
0−β0(β20 + β0) and M = e
−β20 , thus β log( 1β ) ≤ M is equivalent to β20 + β0 ≤
eβ0 , ∀β0 > 1. An inspection of the map β0 7→ eβ0 − β20 − β0 over (1,∞) proves the
desired inequality.
For d > 2, from (4.8) and by change of variables, one can show that
Hd(β) ≤M, for β = M
(d− 1)d−1 exp
(
−(d− 1) log 12
(
d− 1
M
1
d−1
))
,
concluding the proof.
Lemma 4.6. Let d ≥ 1. Define vd(r) := ̺
(
y ∈ U :∏dk=1 (1 − y2k) ≤ r). Then,
for any 0 < r ≤ 1,
r
2(d− 1)!
(
log
( 1√
r
))d−1
< vd(r) ≤ r
(d− 1)!
(
log
(2de√
r
))d−1
, (4.9)
or equivalently,
Hd(r)
2d(d− 1)! < vd(r) ≤
2d+1e2
(d− 1)! Hd(
r
4de2
).
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Proof. First, we prove the upper bound in (4.9) by induction on d. Observe that
vd(r) = 1, ∀d ≥ 1, r ≥ 1. Consider r < 1. For d = 1, we have
v1(r) = ̺
(
y ∈ [−1, 1] : (1− y2) ≤ r) = 1−√1− r ≤ r.
For d ≥ 1, applying Fubini’s theorem gives the recurrence relation
vd+1(r) =
∫ 1
−1
vd
(
r
1− y2d+1
)
dyd+1
2
=
∫ √1−r
0
vd
(
r
1− y2d+1
)
dyd+1 +
∫ 1
√
1−r
1dyd+1.
(4.10)
By a change of variable and induction hypothesis, it gives
√
1−r∫
0
vd
(
r
1− y2d+1
)
dyd+1 =
r
2
1∫
r
vd(u)du
u2
√
1− ru
≤ r
(d− 1)!
1∫
r
(
log
(
2de√
u
))d−1
du
2
√
u(u− r) .
For all u ∈ [r, 1], we observe that log
(
2d+1e√
u+
√
u−r
)
≥ log
(
2de√
u
)
≥ 0, thus
(
log
( 2d+1e√
u+
√
u− r
))d−1
≥
(
log
(2de√
u
))d−1
, ∀d ≥ 1.
There follows
√
1−r∫
0
vd
(
r
1− y2d+1
)
dyd+1 ≤ r
(d− 1)!
1∫
r
(
log
(
2d+1e√
u+
√
u−r
))d−1
du
2
√
u(u− r)
≤ r
d!
((
log
( 2d+1e√
u+
√
u− r
))d) ∣∣∣∣∣
r
u=1
=
r
d!
((
log
(2d+1e√
r
))d
−
(
log
( 2d+1e
1 +
√
1− r
))d)
.
(4.11)
Combining (4.10) and (4.11) and applying the estimate 1−√1− r ≤ r, we arrive at
vd+1(r) ≤ r
d!
((
log
(2d+1e√
r
))d
−
(
log
( 2d+1e
1 +
√
1− r
))d)
+ r.
It is enough to prove
(
log
(
2d+1e
1+
√
1−r
))d
/d! ≥ 1. Applying Stirling’s approximation
d! <
√
2πd
(
d
e
)d
e1/(12d), [25], we will show that log
(
2d+1e
1+
√
1−r
)
≥ (2πd) 12d
(
d
e
)
e
1
12d2 , or
equivalently, after some rearrangement,
log
(
2
(
2e
1+
√
1−r
)1/d)
e1/d
≥
[√
2πe1/(12d)
e
]1/d
d1/(2d)
e
. (4.12)
23
We observe
log
(
2
(
2e
1+
√
1−r
)1/d)
e1/d
≥ log(2e
1/d)
e1/d
≥ log(2e)
e
, ∀d ≥ 1, 0 ≤ r ≤ 1. (4.13)
On the other hand, it is easy to check that[√
2πe1/(12d)
e
]1/d
d1/(2d)
e
≤
√
2πe1/12
e
.
e1/(2e)
e
. (4.14)
A combination of (4.13) and (4.14) gives (4.12).
Next, we establish the lower bound of vd(r), again by induction on d. For d = 1,
v1(r) = 1−
√
1− r > r2 . For d ≥ 1, recall
vd+1(r) =
√
1−r∫
0
vd
(
r
1− y2d+1
)
dyd+1 +
1∫
√
1−r
1dyd+1 >
√
1−r∫
0
vd
(
r
1− y2d+1
)
dyd+1.
By induction hypothesis, it gives
vd+1(r) >
r
2
1∫
r
vd(u)du
u2
√
1− ru
>
r
4(d− 1)!
1∫
r
(
log
(
1√
u
))d−1
du
u
√
1− ru
>
r
4(d− 1)!
1∫
r
(
log
(
1√
u
))d−1
du
u
=
r
2.d!
(
log
( 1√
r
))d
,
as desired.
We define Sµ := Ω−1([µ,∞)) = {y ∈ U : |Ω(y)| ≥ µ}. With notice that
̺ (Sµ) = vd
(
24d
π2dµ4
)
, the following result is a direct consequence of Lemma 4.6
and a multivariate version of Lemma 3.4.
Corollary 4.7. For d ≥ 2, µ ≥ 2
d
πd/2
, there holds
1
2d(d− 1)! Hd(
24d
π2dµ4
) < ̺ (Sµ) ≤ 2
d+1e2
(d− 1)! Hd
(
22d
e2π2dµ4
)
. (4.15)
We proceed to generalize estimates in Lemmas 3.5 and 3.6 for multi-dimensional
setting.
Lemma 4.8. For d ≥ 2, µ ≥ 2
d
πd/2
, there holds
∫
Sµ
|Ω(y)|2d̺ ≤ 2
4d(d+ 1)
π2d(d− 1)! ·
(
log
(
eπdµ2
))d−1
µ2
=
24de(d+ 1)
πd(d− 1)! Hd(
1
eπdµ2
). (4.16)
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Proof. We have∫
Sµ
|Ω(y)|2d̺ =
∫ ∞
0
̺(y ∈ Sµ : |Ω(y)|2 ≥ t)dt =
∫ ∞
0
̺(Sµ ∩ S√t)dt
=
∫ µ2
0
̺(Sµ)dt+
∫ ∞
µ2
̺(S√t)dt.
Applying the upper estimates of ̺(Sµ) and ̺(S√t) in Corollary 4.7, there follows
∫
Sµ
|Ω(y)|2d̺ ≤ 2
4d
π2d(d− 1)!

(
log
(
eπdµ2
))d−1
µ2
+
∫ ∞
µ2
(
log
(
eπdt
))d−1
t2
dt

=
24d
π2d(d− 1)!

(
log
(
eπdµ2
))d−1
µ2
+
d−1∑
k=0
(d− 1)!
k!
·
(
log
(
eπdµ2
))k
µ2
 . (4.17)
For µ ≥ 1, observe that d < log(eπdµ2), thus (d−1)!k! ≤
(
log
(
eπdµ2
))d−1−k
, ∀0 ≤ k ≤
d− 1. Substituting these estimates to (4.17) yields (4.16).
Lemma 4.9. Let d ≥ 2, there exists a universal constant C > 0 such that for all
β ≥ 10 and τ ∈ {0, 14 , 12},∫
U
exp
(
−β∏dk=1 (1− y2k)1/2)∏d
k=1 (1− y2k)τ
d̺ ≤ C β2τ−2(log(β))d−1. (4.18)
Proof. Denote Br = [−r, r]d−1 for 0 < r < 1, and represent ̺ as ̺ =
∏d
k=1 ̺k,
where ̺k is the univariate uniform measure on [−1, 1]. First, for any r ∈ (0, 1),∫
U
exp
(
−β∏dk=1 (1− y2k)1/2)∏d
k=1 (1− y2k)τ
d̺
=
∫
Br ∪ (B1\Br)
∫ 1
−1
exp
(
−β∏dk=1 (1− y2k)1/2)∏d
k=1 (1− y2k)τ
d̺1
 d̺2 . . . d̺d
=
∫
Br
d∏
k=2
(1− y2k)−τ
∫ 1
−1
exp
(
−β∏dk=1 (1− y2k)1/2)
(1− y21)τ
d̺1
 d̺2 . . . d̺d
+
∫
B1\Br
d∏
k=2
(1− y2k)−τ
∫ 1
−1
exp
(
−β∏dk=1 (1− y2k)1/2)
(1− y21)τ
d̺1
 d̺2 . . . d̺d
≤ Cβ2τ−2
∫
Br
d∏
k=2
(1− y2k)−1d̺2 . . . d̺d
+
∫ 1
−1
(1− y21)−τd̺1
∫
B1\Br
d∏
k=2
(1− y2k)−τd̺2 . . . d̺d
= Cβ2τ−2
(∫ r
0
dy
1− y2
)d−1
+
∫ 1
0
dy
(1− y2)τ
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×
[(∫ 1
0
dy
(1 − y2)τ
)d−1
−
(∫ r
0
dy
(1 − y2)τ
)d−1]
≤ Cβ2τ−2
(∫ r
0
dy
1− y2
)d−1
+ (d− 1)
(∫ 1
0
dy
(1− y2)τ
)d−1 ∫ 1
r
dy
(1− y2)τ ,
where the first inequality is derived from Lemma 3.6 and exp
(
−β
d∏
k=1
(1− y2k)
1
2
)
≤ 1.
Define the constants Cτ = 1, 2F1(
1
4 ,
1
2 ;
3
2 ; 1) (≃ 1.2) and π2 , respectively for τ = 0, 14 ,
and 12 , where 2F1 is the hypergeometric function, observe that∫ r
0
dy
1− y2 =
1
2
log
(1 + y
1− y
)∣∣∣∣r
y=0
=
1
2
log
(1 + r
1− r
)
,
∫ 1
r
dy
(1− y2)τ =

1− r, if τ = 0,
(y 2F1(
1
4 ,
1
2 ;
3
2 ; y
2))|1y=r ≤ Cτ (1 − r)3/4, if τ = 1/4,
π/2− arcsin(r)≤ π2
√
1− r, if τ = 1/2.
Therefore, for τ ∈ {0, 1/4, 1/2} and 0 < r < 1, we have
∫
U
exp
(
−β∏dk=1 (1− y2k)1/2)∏d
k=1 (1 − y2k)τ
d̺
≤ Cβ
2τ−2
2d−1
(
log
(1 + r
1− r
))d−1
+ (d− 1)Cdτ (1 − r)1−τ .
(4.19)
Choose r = 1− 2
β2
∈ (0, 1), then
(1− r)1−τ = 21−τβ2τ−2, log
(1 + r
1− r
)
≤ log
( 2
1− r
)
= 2 log(β). (4.20)
Substituting (4.20) to (4.19) yields
∫
U
exp
(
−β∏dk=1 (1− y2k)1/2)∏d
k=1 (1− y2k)τ
d̺ ≤ Cβ2τ−2
(
log(β)
)d−1
+ (d− 1)21−τCdτ β2τ−2
≤Cβ2τ−2
(
log(β)
)d−1
+ 21−τCτ ((d− 1) 1d−1Cτ )d−1β2τ−2 ≤ C β2τ−2(log(β))d−1,
as desired, where the last inequality comes from observation (d−1) 1d−1Cτ < log(10) ≤
log(β).
The next lemma establishes that preferable sets according to γ0 have their test
values bounded from above by C
(
m
γ0
)1/4(
4
π
)2d(
log
(
πd
4d
·
√
m
γ0
))d−1
.
Lemma 4.10. For m > 0, γ0 ∈ (0, 1) satisfying γ0 ≤ m202
(
π
4
)2d
, let y1,y2, . . . ,ym
be sampling points drawn independently from the uniform distribution on [−1, 1]d and
Zi = Ω(yi) exp
(
− 1
2Ω2(yi)
√
m
γ0
)
, ∀i ∈ {1, . . . ,m}.
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be m i.i.d random variables. With probability exceeding 1− γ0, there holds
m∑
i=1
Zi ≤ C
(
m
γ0
)1/4 (
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))d−1
. (4.21)
Proof. By Lemma 4.9,
EZi ≤ C
(
4
π
)2d (γ0
m
)3/4(
log
(
πd
22d+1
·
√
m
γ0
))d−1
,
Var(Zi) ≤ E|Zi|2 ≤ C
(
4
π
)2d (γ0
m
)1/2(
log
(
πd
22d
·
√
m
γ0
))d−1
.
(4.22)
Referring EZi and Var(Zi) as EZ and Var(Z), we apply Chebyshev inequality to
obtain with probability exceeding 1− γ0:
m∑
i=1
Zi ≤ mEZ +
√
m
γ0
(E|Z|2)1/2. (4.23)
Substituting (4.22) to (4.23) yields
m∑
i=1
Zi ≤ Cm1/4γ3/40
(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))d−1
+ C
(
m
γ0
)1/4(
4
π
)d (
log
(
πd
4d
·
√
m
γ0
)) d−1
2
≤ C
(
m
γ0
)1/4(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))d−1
.
Recall Es,α := ∂B2 ∩ C(s;α), our last lemma in this section involves an estimate
of covering number for Es,α. This is an extension of Lemma 3.10 to the setting where
(U , ̺) is multi-dimensional sample space.
Lemma 4.11. For 0 < ς < 1, µ > 0, m > 0 and 0 < γ0 < min{1, m202
(
π
4
)2d},
there exists a set D ⊂ RN such that the following hold:
(i) If Q = {y1, . . . ,ym} is a set of m i.i.d. samples drawn from (U , ̺), preferable
according to γ0, then for all z ∈ Es,α, there exists z′ ∈ D depending on z and
Q satisfying
|ψ(y, z − z′)| ≤ µ for all y in a subset U⋆ of U with ̺(U⋆) > 1− ς,
(4.24)
|ψ(yi, z − z′)| ≤ µ for all yi ∈ Q. (4.25)
(ii) The cardinality of D satisfies
log(#(D)) ≤C (1 + α)
2s
µ2
log(2N)max
{(
4
π
)d [
Kd(
2d−1ς
C
)
]− 1
2
,√
m
γ0
(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))2d−2}
.
(4.26)
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Proof. The proof follows closely that of Lemma 3.10, with all estimates involving
the univariate envelope bound of Legendre polynomials replaced by those with the
multivariate bound. For brevity, we only show the critical changes and refer the
readers to Lemma 3.10 for the full arguments. The first change occurs in (3.17) where
we now have by Lemma 4.9∫
D
(∫
U
χ(y, z)d̺
)
dλ =
∫
U
(∫
D
χ(y, z)dλ
)
d̺ ≤
∫
U
2 exp
(
− Mµ
2
2(1 + α)2Ω2(y)s
)
d̺
≤ Cβ−2 (log (β))d−1 .
Here, β =
Mµ2
2(1 + α)2s
(π
4
)d
. Applying Markov’s inequality, with probability exceed-
ing 2/3, z ∈ D satisfies
Py
(
|ψ(y, z − z)|≥µ
)
=
∫
U
χ(y, z)d̺ ≤ Cβ−2 (log (β))d−1 = C
2d−1
Hd(
1
β2
). (4.27)
From the definition of Kd, one has Py
(
|ψ(y, z − z)| ≥ µ
)
≤ ς , assuming the trivial
condition ς < C
(d− 1
2e
)d−1
and
β ≥
[
Kd
(2d−1ς
C
)]− 12
, or equivalently, M ≥ 2(1 + α)
2s
µ2
(
4
π
)d [
Kd
(2d−1ς
C
)]− 12
.
(4.28)
Next, consider a preferable sample set Q = {y1, . . . ,ym} according to γ0. Similar
to Lemma 3.10, we have
Eǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≤ (1 + α)√Ms 4
√
m
γ0
+
√
2πMs(1 + α)
m∑
i=1
Ω(yi) exp
(
− 1
2Ω2(yi)
√
m
γ0
)
.
(4.29)
Applying Lemma 4.10 gives
Eǫ max
yi∈Q
∣∣∣∣∣
M∑
k=1
ǫkψ(yi, zk)
∣∣∣∣∣ ≤ C(1 + α)√Ms 4
√
m
γ0
(
4
π
)d(
log
(
πd
4d
·
√
m
γ0
))d−1
.
Since Ez
(
maxyi∈Q |ψ(yi, z − z)|
)
≤ 2M EzEǫmaxyi∈Q
∣∣∣∑Mk=1 ǫkψ(yi, zk)∣∣∣, applying
Markov’s inequality, with probability exceeding 2/3, z ∈ D satisfies
max
yi∈Q
|ψ(yi, z − z)| ≤ C(1 + α)
√
s
M
4
√
m
γ0
(
4
π
)d (
log
(
πd
4d
·
√
m
γ0
))d−1
.
Thus, maxyi∈Q |ψ(yi, z − z)| ≤ µ provided that
M ≥ C(1 + α)
2s
√
m
µ2
√
γ0
(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))2d−2
. (4.30)
Finally, for M satisfying (4.28) and (4.30), there exists z ∈ D that fulfills both
(4.24) and (4.25). As log(#(D)) ≤M log(2N), the proof is concluded.
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4.3. Proof of Theorem 4.2. We conduct the analysis under assumption δ <
1/13; this parameter will be rescaled at the end. The proof follows the same logic
to that of Theorem 3.2. For brevity, we only elaborate major changes specific to
multi-dimensional setting and refer the readers to Theorem 3.2 for the rest of the
arguments.
For m ∈ N, let Q = {y1, . . . ,ym} be a set of samples where y1, . . . ,ym are drawn
independently from the probability space (U , ̺). Let Ξ ∈ R whose value will be set
later to meet our need, we define the set of integers
L = Z ∩
( log(δ)
log(1 + δ)
+ 1,
log(Ξ)
log(1 + δ)
+ 1
)
. (4.31)
Step 1: under the condition that Q is a preferable sample set according to γ0,
by following the same procedure in Step 1, Section 3.3, with an application of Lemma
4.11 instead of Lemma 3.10, we can construct ψ˜ approximating ψ that satisfies exactly
three properties in the aforementioned step, except that the cardinality of class Fl is
now
log(#Fl) ≤ C (1 + α)
2s
δ3(1 + δ)2l−2
log(2N)max
{(
4
π
)d [
Kd
(
2d−1
C
.
ς log(1 + δ)
log(Ξ/δ)
)]− 1
2
,
√
m
γ0
(
4
π
)2d(
log
(
πd
4d
·
√
m
γ0
))2d−2}
. (4.32)
Partitioning U into I, I, I and U ′ as in Section 3.3, then
(1− 3δ/2) ψ˜(y, z) < |ψ(y, z)| < (1 + 3δ/2) ψ˜(y, z), ∀y ∈ I, (4.33)
0 ≤ |ψ(y, z)| < 6δ/5 and ψ˜(y, z) = 0, ∀y ∈ I, (4.34)
|ψ(y, z)| > Ξ and ψ˜(y, z) = 0, ∀y ∈ I, (4.35)
̺(U ′) ≤ ς, and Q ∩ U ′ = ∅. (4.36)
Let ν =
Ξ
(1 + α)
√
s
, note that for all y ∈ I, |Ω(y)| ≥ |ψ(y, z)|
(1 + α)
√
s
> ν, thus by Corol-
lary 4.7, ̺(I) ≤ 2
d+1e2
(d− 1)! Hd
(
22d(1 + α)4s2
e2π2dΞ4
)
, assuming that
Ξ
(1 + α)
√
s
≥
( 4
π
)d/2
.
Step 2: We derive estimates of ‖Az‖2 and ‖z‖2 in terms of ψ˜(·, z). Similarly to
(3.34) and (3.36),
‖Az‖22 ≥ (1− 3δ)
m∑
i=1
|ψ˜(yi, z)|2
m
. (4.37)
For ‖z‖2, we decompose
‖z‖22 =
∫
I
|ψ(y, z)|2d̺+
∫
I
|ψ(y, z)|2d̺+
∫
I
|ψ(y, z)|2d̺+
∫
U ′
|ψ(y, z)|2d̺. (4.38)
The first two RHS terms can be bounded in the same way as in (3.38) and (3.39).
For the third term, from Lemma 4.8 and the fact that I ⊂ Sν ,∫
I
|ψ(y, z)|2d̺ ≤ (1 + α)2s
∫
Sν
|Ω(y)|2d̺
≤ (1 + α)2s.2
4de(d+ 1)
πd(d− 1)! Hd
(
(1 + α)2s
eπdΞ2
)
=
11δ
12
,
(4.39)
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if we set Ξ =
(1 + α)
√
s
πd/2
√
e
[
Kd
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
)]− 1
2
. Note that for Ξ and
Kd to be well-defined, we need
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
<
(d− 1
e
)d−1
. It can be
checked that this condition is trivial. Also, Ξ defined above satisfies the condition
Ξ
(1 + α)
√
s
≥
( 4
π
)d/2
posed in Step 1.
For the last term, we have∫
U ′
|ψ(y, z)|2d̺ ≤ (1 + α)2s
∫
U ′
|Ω(y)|2d̺ ≤ 11δ
12
. (4.40)
if setting ς := ̺(Sν). From Corollary 4.7, note that
ς >
1
2d(d− 1)! Hd
(
24de2K2d
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
))
. (4.41)
Combining all above estimates yields
‖z‖22 − ‖Az‖22 ≤
34δ
3
+ (1− 3δ)
(∫
U
|ψ˜(y, z)|2d̺−
m∑
i=1
|ψ˜(yi, z)|2
m
)
. (4.42)
Step 3: we derive a positive upper bound of ‖z‖22 − ‖Az‖22. Let (κl)l∈L be a
sequence of positive numbers. From (4.42), analogously to Section 3.3, we can prove
that with probability exceeding 1 − γ0 −
∑
l∈L exp
(−mκlδ16e ) (#Fl), Q is preferable
according to γ0 and for all z ∈ Es,α,
‖z‖22 − ‖Az‖22 ≤
34δ
3
+ δ(1− 3δ)
∫
U
|ψ˜(y, z)|2d̺+ (1− 3δ)
∑
l∈L
(1 + δ)2lκl.
Note that ψ˜(y, z) = 0, ∀y /∈ I ∪ U ′ and ψ˜(y, z) ≤ (1 + δ)Ξ, ∀y ∈ U , combining with
(4.39), we estimate∫
U
|ψ˜(y, z)|2d̺ =
∫
I
|ψ˜(y, z)|2d̺+
∫
U ′
|ψ˜(y, z)|2d̺
≤ (1 + 4δ)
∫
I
|ψ(y, z)|2d̺+
∫
Sν
(1 + δ)2Ξ2d̺
< 1 + 4δ + (1 + δ)2(1 + α)2s
∫
Sν
|Ω(y)|2d̺ < 1 + 56δ
11
,
which yields
‖z‖22 − ‖Az‖22 <
25δ
2
+ (1− 3δ)
∑
l∈L
(1 + δ)2lκl.
To obtain Theorem 4.2, we derive conditions on m such that
m ≥ C (#L) (1 + δ)
2l
δ2
[
log(#Fl) + log
(
#L
γ
)]
, l ∈ L. (4.43)
We have in view of (4.32) and assumption δ < 1/13 that
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C (#L) (1 + δ)
2l
δ2
log(#Fl)
≤ Cδ−6 (1 + α)2s log(Ξ/δ) log(2N)max
{(
4
π
)d [
Kd
(
2d−1
C
.
ς log(1 + δ)
log(Ξ/δ)
)]− 1
2
,√
m
γ0
(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))2d−2}
, (4.44)
C (#L) (1 + δ)
2l
δ2
log
(
#L
γ
)
≤ C log(Ξ/δ)
log(1 + δ)
· (1 + δ)
2Ξ2
δ2
· log
(
log(Ξ/δ)
γ log(1 + δ)
)
≤ Cδ−3π−d(1 + α)2s
[
Kd
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
)]−1
log(Ξ/δ) log
(
log(Ξ/δ)
γδ
)
.
To fulfill (4.43), we set m greater than the right hand sides in (4.44). First,
Cδ−6 (1 + α)2s log(Ξ/δ) log(2N)
(
4
π
)d [
Kd
(
2d−1
C
.
ς log(1 + δ)
log(Ξ/δ)
)]− 1
2
≤ m
if
C
m2
δ−12 (1 + α)4s2 log2(Ξ/δ) log2(2N)
(
4
π
)2d
≤ Kd
(
2d−1
C
.
ς log(1 + δ)
log(Ξ/δ)
)
.
Since Hd is strictly increasing, the above inequality is equivalent to
Hd
(
C
m2
δ−12 (1 + α)4s2 log2(Ξ/δ) log2(2N)
(
4
π
)2d)
≤ 2
d−1
C
.
ς log(1 + δ)
log(Ξ/δ)
.
From (4.41) and Lemma 4.4, the right hand side is bounded from below by
πd
23d(d+ 1)
.
log(1 + δ)
C log(Ξ/δ)
.
δ
(1 + α)2s
Kd
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
)
,
and we set m such that
Hd
(
23d(d+ 1)
πd
· C(1 + α)
2slog(Ξδ )
δ2
Hd
(
C
m2
.
(1 + α)4s2
δ12
log2(
Ξ
δ
) log2(2N)
(
4
π
)2d))
≤ 11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
.
Rearranging with notice that Hd(β) ≥ β, ∀β ≤ 1ed−1 , it is sufficient that
m2 ≥ C(d + 1)
2
(d− 1)! ·
211d
π4d
· (1 + α)
8s4
δ15
log3(
Ξ
δ
) log2(2N)
×
(
log
(
m2
C
.
δ12
(1 + α)4s2
.
1
log2(Ξδ ) log
2(2N)
(π
4
)2d))d−1
×
(
log
(
m2
C(d+ 1)
.
δ14
(1 + α)6s3
.
1
log3(Ξδ ) log
2(2N)
.
π3d
27d
))d−1
.
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This condition can be replaced by the following shortened (yet slightly more restric-
tive) condition
m ≥ C(d+ 1)
(d− 1)!) 12 ·
(
64
√
2
π2
)d
· (1 + α)
4s2
δ15/2
log3/2(
Ξ
δ
) log(2N)
(
log
(
Cm
(π
4
)d))d−1
.
Secondly, we need
m ≥ C (1 + α)
2s
δ6
log(Ξ/δ) log(2N)
√
m
γ0
(
4
π
)2d (
log
(
πd
4d
·
√
m
γ0
))2d−2
,
which is guaranteed given that
m ≥ C
γ0
(
4
π
)4d
(1 + α)4s2
δ12
log2(Ξ/δ) log2(2N)
(
log
(
πd
4d
·
√
m
γ0
))4d−4
.
The last condition is
m ≥ Cδ−3π−d(1 + α)2s
[
Kd
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
)]−1
log(Ξ/δ) log
(
log(Ξ/δ)
γδ
)
,
i.e.,
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
≥ Hd
(
C
m
.
(1 + α)2s
δ3πd
log(Ξ/δ) log
(
log(Ξ/δ)
γδ
))
.
Rearranging and simplifying, we have
m ≥ C(d + 1)
(d− 1)! ·
(
4
π
)2d
· (1 + α)
4s2
δ4
log(Ξ/δ) log
(
log(Ξ/δ)
γδ
)(
log
(
Cπdm
))d−1
.
Finally, we observe from the definition of Ξ and Lemma 4.5 that
log(Ξ/δ) =
1
2
log
((1 + α)2s
δ2πde
)
− 1
2
log
(
Kd
(
11δ
12(1 + α)2s
.
πd(d− 1)!
24de(d+ 1)
))
≤ 1
2
log
((1 + α)2s
δ2πde
)
+ log
(C(d + 1)(d− 1)d−1
(d− 1)! ·
24d
πd
· (1 + α)
2s
δ
)
≤ log
(C(d+ 1)(d− 1)d−1
(d− 1)! ·
24d
π3d/2
· (1 + α)
3s
3
2
δ2
)
.
(4.45)
Subsuming (4.45) into the three above conditions on m, we deduce that (4.3) guar-
antees
‖Az‖22 > (1 − 13δ)‖z‖22, ∀z ∈ Es,α,
with probability exceeding 1− (γ + γ0). Rescaling δ concludes the proof. 
5. Numerical illustrations. In this section, we present some numerical ex-
periments to illustrate an important observation from our theory, that is, restricting
the sparse recovery on random Legendre matrices associated with preferable sets (in
particular, sample sets with small test values) can improve the reconstruction perfor-
mance.
These tests are conducted for 1d Legendre approximations, where we set J :=
{1, . . . , 360}. For each experiment, we generate a large number of sets of samples
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(drawn independently from the uniform distribution in [−1, 1]) and rank them ac-
cording to their test values
∑m
i=1 Zi, where γ0 is set to 0.8. We divide the sample
sets into five equal-sized groups: the first group contains 20% of the sets with lowest
test values (roughly, preferable sets according to 0.8), the second group contains next
20% of the sets with lowest test values and not being in the first group, and so on.
The fifth group includes 20% of the sets with highest test values.
In the first experiment, we generate 1000 sample sets, each of which has 180
samples; hence, random matrices have fixed size 180 × 360. For each matrix, we
form a sparse coefficient vector c by randomly selecting the support of c from J and
drawing its coefficients from a Gaussian distribution, and aim to reconstruct c from
noiseless observations g = Ac. The average errors and successful rates associated
with five groups of sample sets are plotted in Figure 5.1 for two different sparsity
levels of c (30 and 40). We observe that on average, reconstruction on sample sets
with smaller test values results in reduced recovery errors and better successful rates,
thus confirming our theory.
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Fig. 5.1: Averaged recovery errors and successful rates associated with five different
groups of sample sets with increasing test values in the reconstruction of 30- and
40-sparse coefficient vectors using random Legendre matrices.
In the second experiment, we generate 1500 sample sets and again seek to recon-
struct sparse vector c from noiseless observations g = Ac. The sparsity of c is fixed
at 14, and the number of samples varies from 10 to 180. In Figure 5.2, we show the
average errors and successful rates associated with 20% of sample sets with lowest test
values (roughly, preferable sets according to 0.8) and 20% of sets with highest test
values. For comparison, we also plot the average errors and successful rates associated
with all 1500 sample sets, as well as those from preconditioned Legendre matrices with
Chebyshev sampling, [23, 13, 15]. This technique is widely-accepted to be the optimal
sampling strategy to reconstruct coefficient vectors from underdetermined Legendre
matrices. To produce the results for preconditioning technique, 1500 sets of samples
drawn from Chebyshev distribution in [−1, 1] are generated separately. Figure 5.2
reveals that preferable sets according to 0.8 are superior to general uniform sample
sets and sets with high test values in sparse recovery. Although not outperforming
Chebyshev sampling, preferable sets provide a simple selective strategy to improve
the recovery property with uniform sampling.
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Fig. 5.2: Averaged recovery errors and successful rates associated with 20% of
sample sets with lowest test values and 20% of sample sets with highest test values in
the reconstruction of 14-sparse coefficient vectors using random Legendre matrices.
The recovery performances over all uniform sample sets (solid black), as well as using
preconditioned Legendre matrices with Chebyshev sampling (solid blue) are shown for
comparison.
The third test is similar to our second one; however, we fix the number of samples
at 180 and plot the average errors and successful rates with increasing sparsity. Again,
sample sets with low test values show much better reconstruction, compared to general
uniform sample sets and sets with high test values (Figure 5.3).
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Fig. 5.3: Averaged recovery errors and successful rates associated with 20% of
sample sets with lowest test values and 20% of sample sets with highest test values in
the reconstruction of sparse coefficient vectors using random Legendre matrices of size
180× 360. The recovery performances over all uniform sample sets (solid black), as
well as using preconditioned Legendre matrices with Chebyshev sampling (solid blue)
are shown for comparison.
6. Concluding remarks. This paper provides a theoretical justification for the
sparse reconstruction from underdetermined Legendre systems with uniform sam-
ples via ℓ1 minimization. Our analysis employs the envelop bound (rather than the
prohibitive uniform bounds) of all Legendre polynomials, and by extending recent
chaining arguments [4, 8] to deal with this bound, allows us to establish a new uni-
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form recovery guarantee for sparse, multi-dimensional Legendre expansions, which is
independent of the polynomial subspaces. To the best of our knowledge, this is the
first time recovery condition is established for orthonormal systems without assuming
the uniform boundedness of the sampling matrix. Extending the present results to
related scenarios, such as non-uniform recovery and discrete least squares, to relax
the dependence of sample complexity on Legendre uniform bound would be the next
logical step. Also, we believe that the analysis approach herein should be of interest
on its own, and can be applied elsewhere, to other random systems which can be
bounded precisely pointwise, but whose uniform bound is bad.
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